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HIGHER DIMENSIONAL STEADY RICCI SOLITONS
WITH LINEAR CURVATURE DECAY
YUXING DENG∗ AND XIAOHUA ZHU∗∗
Abstract. We prove that any noncompact κ-noncollapsed steady (gra-
dient) Ricci soliton with nonnegative curvature operator must be rota-
tionally symmetric if it has a linear curvature decay.
1. Introduction
As one of singular model solutions of Ricci flow, it is important to clas-
sify steady (gradient) Ricci solitons under a suitable curvature condition
[15, 21, 18], etc.. In his celebrated paper [21], Perelman conjectured that
any 3-dimensional κ-noncollapsed steady (gradient) Ricci soliton must be
rotationally symmetric. The conjecture has been solved by Brendle in 2012
[2]. It is known by a result of Chen that that any 3-dimensional ancient so-
lution has nonnegative sectional curvature [6]. As a natural generalization
of Perelman’s conjecture in higher dimensions, we have
Conjecture 1.1. Any n-dimensional (n ≥ 4) κ-noncollapsed steady (gra-
dient) Ricci soliton with positive curvature operator must be rotationally
symmetric.
An essential progress to Conjecture 1.1 has been made by Brendle in [3].
In fact, he proved that any steady (gradient) Ricci soliton with positive
sectional curvature must be rotationally symmetric if it is asymptotically
cylindrical. For κ-noncollapsed steady Ka¨hler-Ricci solitons with nonneg-
ative bisectional curvature, the authors recently proved that they must be
flat [8], [11].
Definition 1.2. An n-dimensional steady gradient Ricci soliton (M,g, f) is
called asymptotically cylindrical if the following holds:
(i) Scalar curvature R(x) of g satisfies
C1
ρ(x)
≤ R(x) ≤ C2
ρ(x)
, ∀ ρ(x) ≥ r0,
2000 Mathematics Subject Classification. Primary: 53C25; Secondary: 53C55, 58J05.
Key words and phrases. Ricci flow, Ricci soliton, κ-solution, Perelman’s conjecture.
*Partially supported by the NSFC Grants 11701030, ** by the NSFC Grants 11331001
and 11771019.
1
Higher dimensional steady Ricci solitons
where C1, C2 are two positive constants and ρ(x) denotes the distance from
a fixed point x0.
(ii) Let pm be an arbitrary sequence of marked points going to infinity.
Consider rescaled metrics gm(t) = r
−1
m φ
∗
rmtg, where rmR(pm) =
n−1
2 + o(1)
and φt is a one-parameter subgroup generated by X = −∇f . As m → ∞,
flows (M,gm(t), pm) converge in the Cheeger-Gromov sense to a family of
shrinking cylinders (R × Sn−1(1), g˜(t)), t ∈ (0, 1). The metric g˜(t) is given
by
g˜(t) = dr2 + (n− 2)(2 − 2t)gSn−1(1),
where Sn−1(1) is the unit sphere in Euclidean space.
The property (ii) above means that for any pi → +∞, rescaled flows (M,
R(pi)g(R
−1(pi)t), pi) converge subsequently to (R × Sn−1, ds2 + gSn−1(t)) (
t ∈ (−∞, 0]), where gSn−1(t)) is a family of shrinking round shperes. In this
paper, we verify the properties (i) and (ii) in Definition 1.2 to show that
Conjecture 1.1 is true in addition that the scalar curvature of steady Ricci
soliton has a linear curvature decay. More precisely, we have
Theorem 1.3. Let (M,g) be a noncompact κ-noncollapsed steady (gradient)
Ricci soliton with nonnegative curvature operator. Then, it is rotationally
symmetric if its scalar curvature R(x) satisfies
R(x) ≤ C
ρ(x)
.(1.1)
In Theorem 1.3, we do not assume that (M,g) has positive Ricci curva-
ture. In fact, we can prove that (M,g) is an Euclidean space if the Ricci
curvature is not strictly positive (cf. Section 5). Since the Euclidean space
is rotationally symmetric, we may assume that (M,g) is not a flat space.
Then we show that the condition (1.1) in Theorem 1.3 also implies
R(x) ≥ c0
ρ(x)
, ∀ ρ(x) ≥ r0 > 0,(1.2)
where c0 > 0 is a constant (cf. Corollary 5.3). (1.2) has been proved for the
steady Ricci soliton with nonnegative curvature operator and positive Ricci
curvature [8] (also see Theorem 2.5).
Theorem 1.3 is reduced to prove
Theorem 1.4. Let (M,g) be a κ-noncollapsed steady (gradient) Ricci soli-
ton with nonnegative sectional curvature. Suppose that (M,g) has an exactly
linear curvature decay, i.e.
C−10
ρ(x)
≤ R(x) ≤ C0
ρ(x)
(1.3)
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for some constnat C0 > 0. Let g(t) = φ
∗
t g
1. Then for any pi → +∞, rescaled
flows (M, R(pi)g(R
−1(pi)t), pi) converge subsequently to (R × Sn−1, ds2 +
gSn−1(t)) ( t ∈ (−∞, 0]) in the Cheeger-Gromov topology, where (Sn−1,
gSn−1(t)) is a κ-noncollapsed ancient Ricci flow with nonnegative sectional
curvature. Moreover, scalar curvature RSn−1(x, t) of (S
n−1, gSn−1(t)) satis-
fies
RSn−1(x, t) ≤
C
|t| , ∀ x ∈ S
n−1,(1.4)
where C is a uniform constant.
Theorem 1.4 is about steady Ricci solitons with nonnegative sectional
curvature, which is a weaker condition than nonnegative curvature operator.
In fact, applying Theorem 1.4 to 4-dimensional steady Ricci solitons, we
further prove
Theorem 1.5. Any 4-dimensional noncompact κ-noncollapsed steady (gra-
dient) Ricci soliton with nonnegative sectional curvature must be rotationally
symmetric if it has a linear curvature decay (1.3).
We conjecture that Theorem 1.5 holds for all dimensions. It is closely
related to the classification of shrinking solitons on Sn−1 with positive sec-
tional curvature (see Section 6.1 for details). This will improve Brendle’s
result without the condition (ii) in Definition 1.2 [3].
The main step in the proof of Theorem 1.4 is to estimate the diameter
of level sets of steady Ricci soliton (cf. Section 3). We study a metric flow
of level sets. This flow is very similar to the Ricci flow. Then we can use
Perelman’s argument to estimate the distance functions in level sets [21].
In Section 4, we prove Theorem 1.4 for steady Ricci solitons with positive
Ricci curvature by constructing a parallel vector field in a limit space as in
[8, 10, 9]. The proof of Theorem 1.4 will be completed in Section 5. The
proofs of Theorem 1.3 and 1.5 are given in Section 6.
2. Previous results
In this section, we recall some results for steady Ricci solitons in [8, 10].
(M,g, f) is called a steady gradient Ricci soliton if Ricci curvature Ric(g)
of g on M satisfies
Ric(g) = Hessf,(2.1)
where f is a smooth function on M . We always assume that Ric(g) > 0
and there is an equilibrium point o in M from this section to section 4. The
1φt is defined as in (ii) of Definition 1.2.
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latter means that ∇f(o) = 0. By the identity
|∇f |2 +R ≡ const.,
we see that R(o) = Rmax and
|∇f |2 +R = Rmax.(2.2)
Under (1.1), the equilibrium point always exists (cf. [10, Corrollary 2.2]).
Moreover, it is unique since Ric(g) > 0. By Morse lemma, we have (cf. [10]).
Lemma 2.1. The level set Σr = {f(x) = r} is a closed manifold for any
r > f(o), which is diffeomorphic to Sn−1.
The following lemma is due to [10, Lemma 3.1]
Lemma 2.2. Let o ∈ M be an equilibrium point of steady Ricci soliton
(M,g, f) with positive Ricci curvature. Then for any p ∈ M and number
k > 0 with f(p)− k√
R(p)
> f(o), it holds
B(p,
k√
Rmax
;R(p)g) ⊂Mp,k,(2.3)
where the set Mp,k is defined by
Mp,k = {x ∈M | f(p)− k√
R(p)
≤ f(x) ≤ f(p) + k√
R(p)
}.
By Lemma 2.2, we prove
Lemma 2.3. Let (M,g) be a steady (gradient) Ricci soliton with nonneg-
ative sectional curvature and positive Ricci curvature. Suppose that (1.3)
holds. Then there exists a constant C such that
|∇R|(p)
R3/2(p)
≤ C, ∀ p ∈ M.(2.4)
Proof. Fix any p ∈M with f(p) ≥ r0 >> 1. Then
|f(x)− f(p)| ≤ 1√
R(p)
, ∀ x ∈Mp,1.
It is known by [4],
c1ρ(x) ≤ f(x) ≤ c2ρ(x), ∀ ρ(x) ≥ r0.(2.5)
Thus by the curvature decay, we get
c2ρ(x) ≥ f(p)− 1√
R(p)
≥ c1ρ(p)−
√
C0ρ(p).
It follows that
R(x)
R(p)
≤ C20
ρ(p)
ρ(x)
≤ 2c2C
2
0
c1
, ∀x ∈Mp,1.
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On the other hand, by (2.3), we have
B(p,
1√
Rmax
; gp) ⊆Mp,1.
Hence
R(x) ≤ C ′R(p), ∀ x ∈ B(p, 1√
Rmax
; gp).(2.6)
Let φt be generated by −∇f . Then g(t) = φ∗t g satisfies the Ricci flow,
∂g(t)
∂t
= −2Ric(g(t)).(2.7)
Also rescaled flow gp(t) = R(p)g(R
−1(p)t) satisfies (2.7). Since the Ricci
curvature is positive,
B(p,
1√
Rmax
; gp(t)) ⊆ B(p, 1√
Rmax
; gp(0)), t ∈ [−1, 0].
and
∂
∂t
R = 2Ric(∇f,∇f) ≥ 0.(2.8)
Combining the above two relations with (2.6), we get
Rgp(t)(x) ≤ C ′, ∀ x ∈ B(p,
1√
Rmax
; gp(0)), t ∈ [−1, 0].
Thus, by Shi’s higher order estimates [22], we obtain
|∇(gp(t))Rgp(t)|(x) ≤ C ′1, ∀ x ∈ B(p,
1
2
√
Rmax
; gp(−1)), t ∈ [−1
2
, 0].
It follows that
|∇R|(x) ≤ C ′1R3/2(p), ∀ x ∈ B(p,
1
2
√
Rmax
; gp(−1)).
In particular, we have
|∇R|(p) ≤ C ′1R3/2(p), as ρ(p) ≥ r0.
The lemma is proved. 
Remark 2.4. From the argument in the proof of Lemma 2.3, we can further
prove that there exists a constant C(k) for each k ∈ N such that
|∇kRm|(p)
R
k+2
2 (p)
≤ C(k), ∀ p ∈ M.
In Proposition 4.3 of [8], the authors have obtained a lower decay estimate
for steady Ka¨hler-Ricci solitons with nonnegative bisectional curvature and
positive Ricci curvature. Our proof essentially depends on the Harnack
inequality and the existence of equilibrium point2. Thus the argument there
2The existence of equilibrium points is proved for steady Ka¨hler-Ricci solitons in [7].
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still works for steady Ricci solitons with nonnegative curvature operator and
positive Ricci curvature if the soliton admits an equilibrium point. Namely,
we have
Theorem 2.5. Let (M,g) be a κ-noncollapsed steady Ricci soliton with
nonnegative curvature operator and positive Ricci curvature. Suppose that
(M,g) has an equilibrium point. Then scalar curvature of g satisfies (1.2).
3. Diameter estimate of level sets
By Lemma 2.1, there is a one parameter group of diffeomorphisms Fr :
S
n−1 → Σr ⊆M (r ≥ r0), which is generated by flow
∂Fr
∂r
=
∇f
|∇f |2 .
Let hr = F
∗
r (g) and ei = F∗(e¯i), ej = F∗(e¯j), where e¯i, e¯j ∈ TSn−1. Then,
∂hr
∂r
(e¯i, e¯j) =L ∇f
|∇f |2
g(ei, ej)
=〈∇ei(
∇f
|∇f |2 ), ej〉+ 〈∇ej(
∇f
|∇f |2 ), ei〉
=〈∇ei∇f|∇f |2 , ej〉+ 〈∇f, ej〉∇ei(
1
|∇f |2 )
+〈∇ej∇f|∇f |2 , ei〉+ 〈∇f, ei〉∇ej (
1
|∇f |2 )
=
2
|∇f |2Ric(ei, ej).(3.1)
(3.1) is like the Ricci flow for metrics hr since |∇f |2(x) goes to a constant as
ρ(x) → ∞ under the condition (1.3). In this section, we use the argument
in [21, Lemma 8.3 (b)] to study the distance functions of hr in order to get
an estimate of the diameter of (Sn−1, hr), i.e., the diameter of (Σr, g). First,
we prove
Lemma 3.1. Let (M,g, f) be a steady Ricci soliton as in Theorem 1.4 with
positive Ricci curvature. Then for x1, x2 ∈ Sn−1 with dr(x1, x2) ≥ 2τ0, we
have
d
dr
dr(x1, x2) ≤ C(τ0
r
+
1
τ0
+
dr(x1, x2)
r3/2
),(3.2)
where dr(·, ·) is the distance function of (Sn−1, hr).
Proof. Let γ be a normalized minimal geodesic from x1 to x2 with velocity
field X(s) = dγds and V any piecewise smooth normal vector field along γ
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which vanishes at the endpoints. By the second variation formula, we have∫ dr(x1,x2)
0
(|∇XV |2 + 〈R¯(V,X)V,X〉)ds ≥ 0.(3.3)
Let {ei(s)}n−1i=1 be a parallel orthonormal frame along γ that is perpendicular
to X. Put Vi(s) = f(s)ei(s), where f(s) is defined as
f(s) =
s
τ0
, if 0 ≤ s ≤ τ0;
f(s) = 1, if τ0 ≤ s ≤ dr(x1, x2)− τ0;
f(s) =
dr(x1, x2)− s
τ0
, if dr(x1, x2)− τ0 ≤ s ≤ dr(x1, x2).
Then |∇XVi| = |f ′(s)| and∫ dr(x1,x2)
0
|∇XVi|2ds = 2
∫ τ0
0
1
τ20
ds =
2
τ0
.
Moreover∫ dr(x1,x2)
0
〈R¯(Vi,X)Vi,X〉ds
=
∫ τ0
0
s2
τ20
〈R¯(ei,X)ei,X〉ds+
∫ dr(x1,x2)−τ0
τ0
〈R¯(ei,X)ei,X〉ds
+
∫ dr(x1,x2)
dr(x1,x2)−τ0
(dr(x1, x2)− s)2
τ20
〈R¯(ei,X)ei,X〉ds.
Thus
0 ≤
n−1∑
i=1
∫ dr(x1,x2)
0
(|∇XVi|2 + 〈R¯(Vi,X)Vi,X〉)ds
=
2(n − 1)
r0
−
∫ dr(x1,x2)
0
Ric(X,X)ds +
∫ τ0
0
(1− s
2
τ20
)Ric(X,X)ds
+
∫ dr(x1,x2)
dr(x1,x2)−τ0
(1− (dr(x1, x2)− s)
2
τ20
)Ric(X,X)ds.(3.4)
We claim
Ric(X,X) ≤ C
r
g¯(X,X), ∀ x ∈ Σr.(3.5)
By Gauss formula, we have
Rm(X,Y,Z,W ) = Rm(X,Y,Z,W )
+ 〈B(X,Z), B(Y,W )〉 − 〈B(X,W ), B(Y,Z)〉,
7
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where X,Y,Z,W ∈ TΣr and B(X,Y ) = (∇XY )⊥. Since
B(X,Y ) =〈∇XY,∇f〉 · ∇f|∇f |2
=[∇X〈Y,∇f〉 − 〈Y,∇X∇f〉] · ∇f|∇f |2
=− Ric(X,Y ) · ∇f|∇f |2 ,
we get
Rm(X,Y,Z,W ) = Rm(X,Y,Z,W )
+
1
|∇f |2 (Ric(X,Z)Ric(Y,W )− Ric(X,W )Ric(Y,Z))(3.6)
and
Rij = Rij +R(
∇f
|∇f | , ei, ej ,
∇f
|∇f |)−
1
|∇f |2
∑
k
(RijRkk −RikRkj),
where indices i, j, k are corresponding to vector fields on TΣr. Thus for a
unit vector Y , we derive
(Ric− Ric)(Y, Y ) =R( ∇f|∇f | , Y, Y,
∇f
|∇f |)
− 1|∇f |2
n−1∑
i=1
[Ric(Y, Y )Ric(ei, ei)− Ric2(Y, ei)].
Note that
R(
∇f
|∇f | , Y, Y,
∇f
|∇f |) ≤Ric(
∇f
|∇f | ,
∇f
|∇f |) =
|〈∇R,∇f〉|
|∇f |2
≤|∇R||∇f | ≤
C
r3/2
,
and
1
|∇f |2 |
n−1∑
i=1
[Ric(Y, Y )Ric(ei, ei)− Ric2(Y, ei)]| ≤ R
2 + |Ric|2
|∇f |2 ≤
C
r2
.
Hence, we obtain
|(Ric − Ric)(Y, Y )| ≤ C
r3/2
, r ≥ r0.(3.7)
In particular,
Ric(Y, Y ) ≤ C1
r
, r ≥ r0.
This proves (3.5).
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By (3.4) and (3.5), it is easy to see∫ dr(x1,x2)
0
Ric(Y, Y )ds ≤ 2(n− 1)
τ0
+
4Cτ0
3r
.(3.8)
Also by (3.7), we see∫ dr(x1,x2)
0
(Ric− Ric)(Y, Y )ds ≤ C
r3/2
dr(x1, x2).(3.9)
On the other hand, if we let Y (s) = (Fr)∗(X(s)) with |Y (s)|(Σr ,g) ≡ 1, then
by (3.1), we have
d
dr
dr(x1, x2)
=
1
2
∫ dr(x1,x2)
0
(L ∇f
|∇f |2
g)(Y, Y )ds
=
1
|∇f |2
∫ dr(x1,x2)
0
Ric(Y, Y )ds+
1
|∇f |2
∫ dr(x1,x2)
0
(Ric− Ric)(Y, Y )ds.
Thus inserting (3.8) and (3.9) into the above relation, we obtain
d
dr
dr(x1, x2) ≤ C(τ0
r
+
1
τ0
+
dr(x1, x2)
r3/2
).

Corollary 3.2. Let dr(·, ·) be the distance function as in Lemma 3.1. Then
for any x1, x2 ∈ Sn−1, we have
d
dr
dr(x1, x2) ≤ C( 2√
r
+
dr(x1, x2)
r3/2
), r ≥ r0.(3.10)
Proof. If dr(x1, x2) ≥ 2
√
r, the corollary follows from Lemma 3.1 by taking
τ0 =
√
r. If dr(x1, x2) < 2
√
r, we have
d
dr
dr(x1, x2) =
1
2
∫ dr(x1,x2)
0
(L ∇f
|∇f |2
g)(Y, Y )ds
=
1
|∇f |2
∫ dr(x1,x2)
0
Ric(Y, Y )ds
≤C
r
dr(x1, x2) ≤ 2C√
r
.
The corollary is proved. 
By Corollary 3.2, we get the following diameter estimate for (Σr, g¯).
Proposition 3.3. Let (M,g, f) be a steady Ricci soliton as in Theorem 1.4
with positive Ricci curvature. Then there exists a constant C independent
of r such that
diam(Σr, g) ≤ C
√
r, ∀ r ≥ r0.(3.11)
9
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Proof. For any fixed x1, x2 ∈ Sn−1, by Corollary 3.2, we have
dr(x1, x2) ≤e
∫ r
r0
τ−3/2dτ
(dr0(x1, x2) +
∫ r
r0
2C√
τ
e
− ∫ τr0 s
−3/2ds
dτ)
≤4C(√r −√r0) + 2√
r0
· diam(Sn−1, hr0).
Thus
diam(Σr, g) = diam(S
n−1, hr) ≤ 4C ′
√
r, r ≥ r0.

As a corollary of Proposition 3.3, we get
Corollary 3.4. Let (M,g, f) be a steady Ricci soliton as in Theorem 1.4
with positive Ricci curvature. Then there exists a uniform constant C0 > 0
such that the following is true: for any k ∈ N, there exists r¯0 = r¯0(k) such
that
Mp,k ⊂ B(p,C0 + 2k√
Rmax
;R(p)g), ∀ ρ(p) ≥ r¯0.(3.12)
Proof. By Proposition 3.3 and (1.3), it is easy to see that
Σf(p) ⊂ B(p,C0;R(p)g)(3.13)
for some uniform constant C0 as long as f(p) is large enough. Note that by
(2.2),
Rmax
2
≤ |∇f |2(x) ≤ Rmax, ∀ x ∈Mp,k, ρ(p) ≥ r0.
Since there exists q′ ∈ Σf(p) for any q ∈Mp,k such that φs(q) = q′ for some
s ∈ R, we derive
d(p, q) ≤d(p, q′) + d(q′, q)
≤diam(Σf(p), g) + L(φτ |[0,s])
≤C0R−
1
2 (p) + |
∫ s
0
|dφτ (q)
dτ
|dτ |
=C0R
− 1
2 (p) +
∫ s
0
|∇f(φτ (q))|dτ
≤C0R−
1
2 (p) +
∫ s
0
|∇f(φτ (q))|2 · 2√
Rmax
dτ
=C0R
− 1
2 (p) + |
∫ s
0
d(f(φτ (q)))
dτ
· 2√
Rmax
dτ |
10
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≤C0R−
1
2 (p) + |f(q)− f(p)| · 2√
Rmax
≤
(
C0 +
2k√
Rmax
)
· 1√
R(p)
.
This implies
Mp,k ⊂ B(p,C0 + 2k√
Rmax
;R(p)g).

Corollary 3.4 will be used in the next Section.
4. Proof of Theorem 1.4-I
In this section, we prove Theorem 1.4 for steady Ricci solitons with posi-
tive Ricci curvature as follows.
Theorem 4.1. Let (M,g, f) be a κ-noncollapsed steady Ricci soliton with
nonnegative sectional curvature and positive Ricci curvature. Suppose that
(1.3) is satisfied. Then for any pi → +∞, rescaled flows (M,R(pi)g(R−1(pi)t),
pi) converge subsequently to (R× Sn−1, ds2 + gSn−1(t)) ( t ∈ (−∞, 0]) in the
Cheeger-Gromov topology, where (Sn−1, gSn−1(t)) is a κ-noncollapsed ancient
Ricci flow with nonnegative sectional curvature. Moreover, scalar curvature
of gSn−1(t)) satisfies (1.4).
We need several lemmas to prepare for the proof of Theorem 4.1. First
we give a volume comparison for level sets Σr.
Lemma 4.2. Under the condition of Theorem 4.1, for any small ε > 0,
there is a r0 > 0 such that for any s ∈ [−1, 1],
1− ε ≤ vol(Σr+s
√
r, g)
vol(Σr, g)
≤ 1 + ε, r ≥ r0.(4.1)
Proof. Let V ∈ TSn−1 be any fixed nonzero vector. By (3.1), we have
| ∂
∂r
hr(V, V )| = 2|∇f |2 |Ric((Fr)∗V, (Fr)∗V )| ≤
C
r
hr(V, V ).
Thus
rC1
rC2
≤ hr2(V, V )
hr1(V, V )
≤ r
C
2
rC1
, ∀ 0 ≤ r1 ≤ r2.
It follows
hr+s
√
r(V, V )
hr(V, V )
→ 1, as r →∞
11
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and
det(hr+s
√
r)
det(hr)
→ 1, as r →∞.
Hence (4.1) follows. 
Let gp = R(p)g be a rescaled metric of (M,g). Then
Lemma 4.3. Under the condition of Theorem 4.1, there exists a constant
C(κ) such that
vol(Σf(p), gp) ≥ C(κ), iff(p) ≥ r0.(4.2)
Proof. We define a set Mr(s) by
Mr(s) = {x ∈M |r − s
√
r ≤ f(x) ≤ r + s√r}.(4.3)
By the uniform curvature decay of R(x), it is easy to see that there is a
constant c > 0 such that
Mp,cs ⊆Mf(p)(s), ∀ s ∈ [−1, 1],(4.4)
as long as f(p) is large enough. Then by Lemma 2.2, we see
B(p,R
− 1
2
max; gp) ⊆Mp,1 ⊆Mf(p)(c−1).
Note that
Rgp(x) =
R(x)
R(p)
≤ C, ∀ x ∈Mf(p)(c−1).
Thus
Rgp(x) ≤ C, in B(p,R
− 1
2
max; gp).
Since (M,gp) is κ-noncollapsed, we get
vol(Mf(p)(c
−1), gp) ≥ vol(B(p,R−
1
2
max; gp)) ≥ c(κ).
On the other hand, by the co-area formula and (4.1), we have
vol(Mf(p)(c
−1), gp) =R
n
2 (p)vol(Mf(p)(c
−1), g)
=R
n
2 (p)
∫ f(p)+c−1√f(p)
f(p)−c−1
√
f(p)
1
|∇f |vol(S
n−1, hr)dr
≤Rn2 (p) 4
c
√
Rmax
√
f(p)vol(Sn−1, hf(p))
≤C · vol(Σf(p), gp).
Hence, (4.2) follows from the above inequalities. 
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Lemma 4.4. Let D¯ ∈ ⊗ki=1T ∗Σr be a k-multiple tensor on Σr and D ∈
⊗ki=1T ∗M a k-multiple tensor on M , respectively. Then, under the condition
of Theorem 4.1, we have
(∇¯D¯)(ei0 , ei1 , · · · , eik) = (∇D)(ei0 , ei1 , · · · , eik)
+
k∑
s=1
D(ei1 , · · · , eis−1 ,
∇f
|∇f |2 , eis+1 , · · · , eik)Ric(ei0 , eis).(4.5)
Proof. Let ei1 , ei2 , · · · , eik be unit vector fields which are tangent to Σr. Let
∇ and ∇¯ be the Levi-Civita connections M and Σr, respectively. Then
(∇¯D¯)(ei0 , · · · , eik) = ei0 [D¯(ei1 , · · · , eik)]
+
k∑
s=1
D¯(ei1 , · · · , eis−1 , ∇¯ei0eis , eis+1 , · · · , eik).
and
(∇D)(ei0 , · · · , eik) = ei0 [D(ei1 , · · · , eik)]
+
k∑
s=1
D(ei1 , · · · , eis−1 ,∇ei0eis , eis+1 , · · · , eik).
Note
∇ei0eis − ∇¯ei0eis = 〈∇ei0eis ,
∇f
|∇f | 〉
∇f
|∇f |
= −〈eis ,∇ei0∇f〉
∇f
|∇f |2
= −Ric(ei0 , eis)
∇f
|∇f |2 .
Combining the identities above, we get (4.5). 
Proposition 4.5. Under the condition of Theorem 4.1, for any pi → ∞,
(Σf(pi), gpi , pi) converges subsequently to (S∞, h∞, p∞) in Cheeger-Gromov
sense as i → ∞. Here g¯pi = R(pi)g¯ and (Σf(pi), g¯) is as a hypersurface of
(M,g) with induced metric g¯. Moreover, S∞ is diffeomorphic to Sn−1.
Proof. By (3.6), we have
Rm(X,Y,Z,W ) = Rm(X,Y,Z,W )
+
1
Rmax −R (Ric(X,Z)Ric(Y,W )− Ric(X,W )Ric(Y,Z)).
Let
D(0) = Rm− 1
Rmax −RRic ∧ Ric
13
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be a (0, 4)-tpye tensor on M . Then D(0)|Σf(pi) = Rm. Note that by Remark
2.4 we have
|∇kRm|(x)
R
k+2
2 (pi)
=
|∇kRm|(x)
R
k+2
2 (x)
· R
k+2
2 (x)
R
k+2
2 (pi)
≤ C(k), ∀ x ∈ Σf(pi).
Since
∇( 1
Rmax −R ) =
∇R
(R−Rmax)2 ,
by induction on m, we get
|∇mD(0)|(x) ≤ C(m)Rm+22 (pi), ∀ x ∈ Σf(pi).(4.6)
Let
D(k) = ∇D(k−1)
+
k+4∑
s=1
D(k−1)(ei1 , · · · , eis−1 ,
∇f
|∇f |2 , eis+1 , · · · , eik+4)Ric(ei0 , eis).
Then by Lemma 4.4, we have
∇¯kRm = D(k)|Σf(pi) .
On the other hand, by induction on k with the help of (4.6), we get
|∇mD(k)|(x) ≤ C(m,k)Rm+k+22 (pi), ∀ x ∈ Σf(pi).
In particular,
|D(k)|(x) ≤ C(k)R k+22 (pi), ∀ x ∈ Σf(pi).
Thus
|∇¯kg¯piRm|g¯pi (x) ≤
|D(k)|(x)
R
k+2
2 (pi)
≤ C(k), ∀ x ∈ Σf(pi),(4.7)
By Lemma 4.3 and Theorem 3.3, respectively, we have
vol(Σf(pi), g¯pi) ≥ C(κ)
and
diam(Σf(pi), g¯pi) ≤ C.
Then by Cheeger-Gromov compactness theorem together with (4.7), we see
that (Σf(pi), gpi , pi) converges subsequently to (S∞, h∞, p∞). Note that
Σf(pi) are all diffeomorphic to S
n−1. Therefore, S∞ is also diffeomorphic
to Sn−1.

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4.1. Proof of Theorem 4.1. We are now in a position to prove Theo-
rem 4.1. The proof consists of the following three lemmas. First, by the
arguments in [8, 10], we prove
Lemma 4.6. Under the condition of Theorem 4.1, let pi → ∞. Then by
taking a subsequence of pi if necessary, we have
(M,gpi(t), pi)→ (R×N, g∞(t); p∞), for t ∈ (−∞, 0],
where gpi(t) = R(pi)g(R
−1(pi)t), g∞(t) = ds⊗ ds+ gN (t) and (N, gN (t)) is
an ancient solution of Ricci flow on N .
Proof. Fix r > 0. By (1.3), it is easy to see that there exists a uniform C1
independent of r such that
R(x) ≤ C1R(pi), ∀ x ∈Mpi,r√Rmax(4.8)
as long as i is large enough. Then by Lemma 2.3, we have
Rgpi (x) ≤ C1, ∀ x ∈ B(pi, r; gpi),
where gpi = gpi(0). Since the scalar curvature is increasing along the flow
(cf. (2.8)) and the sectional curvature is nonnegative, for any t ∈ (−∞, 0],
we get
|Rmgpi (t)(x)|gpi (t) ≤ C(n)Rgpi(t)(x)
≤ C(n)Rgpi (x) ≤ C(n)C1, ∀ x ∈ B(pi, r; gpi).
Note that (M,g(t)) is κ-noncollapsed. Hence gpi(t) converges subsequently
to a limit flow (M∞, g∞(t); p∞) for t ∈ (−∞, 0] [15]. Moreover, the limit
flow has uniformly bounded curvature. It remains to prove the splitting
property.
Let X(i) = R(pi)
− 1
2∇f . Then
sup
B(pi,r¯;gpi)
|∇(gpi)X(i)|gpi = sup
B(pi,r¯;gpi)
|Ric|√
R(pi)
≤ C
√
R(pi)→ 0.
By Remark 2.4, it follows that
sup
B(pi,r¯;gpi)
|∇m(gpi )X(i)|gpi ≤ C(n) supB(pi,r¯;gpi)
|∇m−1(gpi)Ric(gpi)|gpi ≤ C1.
Thus X(i) converges subsequently to a parallel vector field X(∞) on (M∞,
g∞(0)). Moreover,
|X(i)|gpi (x) = |∇f |(pi) =
√
Rmax + o(1) > 0, ∀ x ∈ B(pi, r¯; gi),
15
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as long as f(pi) is large enough. This implies thatX(∞) is non-trivial. Hence,
(M∞, g∞(t)) locally splits off a piece of line along X(∞). In the following,
we show that X(∞) generates a line through p∞.
By Corollary 3.4,
Mpi,k ⊂ B(pi, C0 +
2k√
Rmax
; gpi(0)), ∀ pi →∞.
Let γi,k(s), s ∈ (−Di,k, Ei,k) be an integral curve generated by X(i) through
pi, which restricted in Mp,k, i.e., γi,k(s) satisfies f(γi,k(−Di,k)) = f(pi) −
k√
R(pi)
and f(γi,k(Ei,k)) = f(pi) +
k√
R(pi)
. Then γi,k(s) converges to a
geodesic γ∞(s) generated by X(∞) through p∞, which restricted in B(p∞,
2π
√
B + 2k√
Rmax
; g∞(0)). If we let Li,k be lengths of γi,k(s) and L∞,k length
of γ∞(s), respectively,
Li,k =
∫ Ei,k
−Di,k
|X(i)|gpi(0)ds
=
∫ f(pi)+ k√
R(pi)
f(pi)− k√
R(pi)
|X(i)|gpi(0)
〈∇f,X(i)〉
df
=
∫ f(pi)+ k√
R(pi)
f(pi)− k√
R(pi)
√
R(pi)
|∇f |g df
≥2R−
1
2
maxk,
and so,
L∞,k ≥ 1
2
Li,k ≥ R−
1
2
maxk.
Thus X(∞) generates a line γ∞(s) through p∞ as k →∞. As a consequence,
(M∞, g∞(0)) splits off a line and so does the flow (M∞, g∞(t); p∞). The
lemma is proved.

Next, we show
Lemma 4.7. N is diffeomorphic to Sn−1.
Proof. We claim that N is connected. In fact, for all k ∈ N, by the conver-
gence result in Lemma 4.6, there are diffeomorphisms Φik : Uik(⊆ M∞) →
B(pik , k;R(pik )g) with Φik(p∞) = pik . Moreover, (U,Φ
∗
ik
(R(pik)g)) is C
m
close to (U, g∞(0)) for any m ∈ N. Thus
(Φik)
(
B(p∞,
k
2
; g∞(0))
) ⊆ B(pik , k;R(pik)g),
16
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and(Φ−1ik )
(
B(pik , k;R(pik)g)
)
exhaustsM∞ as k →∞. For any q ∈ B(pik , k;
R(pik)g), there exists a minimal geodesic γ(s) : [0, l] → M such that
γ(0) = pik , γ(l) = q. Note γ|[0,l] ⊆ B(pik , k;R(pik)g). It follows that
(Φ−1ik )
(
B(pik , k;R(pik)g)
)
is connected for each k. Therefore, M∞ is con-
nected, and so is N .
By Proposition 4.5 and Lemma 4.6, we may assume that (Σf(pi), gpi , pi)
converge to a limit (Sn−1, h∞, p∞) and Sn−1 ⊆M∞ = N × R. Then by the
above claim, it suffices to prove that Sn−1 ⊆ N × {p∞}. Let X(∞) and Xi
be the vector fields defined as in the proof of Lemma 4.6. Let V ∈ TSn−1
with |V |g∞ = 1. Thus by the convergence in Proposition 4.5, we see that
there are V(i) ∈ TΣf(pi) such that R(pi)−
1
2V(i) → V . It follows
g∞(V,X(∞)) = lim
i→∞
R(pi)g(R(pi)
− 1
2V(i),X(i)) = lim
i→∞
g(V(i),∇f) = 0.
This shows that V is vertical to X(∞) for any V ∈ TSn−1. Hence, Sn−1 ⊆
N × {p∞}. Note that dimN = n− 1. We complete the proof.

Finally, we verify the condition (1.4). We prove
Lemma 4.8. Let (M∞ = N × R, g∞(t)) be the limit manifold in Lemma
4.6. Then, scalar curvature R∞(x, t) of g∞(t) satisfies
R∞(x, t) ≤ C|t| , ∀ t < 0, x ∈M∞.(4.9)
Proof. Let φt be generated by −∇f . Then,
df(φt(p))
dt
= −|∇f |2(φt(p))
and
d|∇f |2(φt(p))
dt
= −2Ric(∇f,∇f)(φt(p)) ≤ 0.
It follows that
|∇f |2(φτ (p)) ≤ |∇f |2(φt(p)), ∀ τ ≥ t.
Hence,
f(φt(p)) ≥ f(φτ (p)) + |t− τ ||∇f |2(φτ (p)).
By taking τ = 0, for any p ∈ {q ∈M |f(q) ≥ 1}, we get
f(φt(p)) ≥ f(p) + |t||∇f |2(p) ≥ 1 + c|t|,
where c = minp∈Σ1 |∇f |2. On the other hand, by (1.3) and (2.5), we have
R(p) ≤ C
f(p)
, ∀ p ∈ {q ∈M | f(q) ≥ 1}.
17
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Hence,
R(p, t) ≤ C
f(φt(p))
≤ C
1 + c|t| , ∀ p ∈ {q ∈M | f(q) ≥ 1}.(4.10)
Let x ∈ M∞ and dg∞(0)(x, p∞) = r. By the convergence in Lemma 4.6,
there are xi ∈ B(pi, 2r; gpi(0)) such that xi → x as i→∞. Moreover,
lim
i→∞
Rgpi(t)
(xi) = R∞(x, t).
Note that xi ∈ B(pi, 2r; gpi(0)) ⊆Mpi,2r√Rmax . It means that
f(xi) ≥ f(pi)− 2r
√
Rmax
R(pi)
>> 1, as i→∞.
Hence, by (4.10), we derive
Rgpi(t)
(xi) =
R(xi, R
−1(pi)t)
R(pi)
≤ C
R(pi) + c|t| ≤
2C
c|t| , as i→∞.
Let i→∞, we get (4.9). 
By Lemma 4.6 and Lemma 4.7, (4.9) in Lemma 4.8 implies (1.4). The
proof of Theorem 4.1 is completed.
5. Proof of Theorem 1.4-II
In this section, we complete the proof of Theorem 1.4. We need to describe
the structure of level set Σr of (M,g, f) without assumption of positive Ricci
curvature.
Lemma 5.1. Let (M,g, f) be a non-flat steady Ricci soliton with nonnega-
tive sectional curvature. Let S = {p ∈ M |∇f(p) = 0} be set of equilibrium
points of (M,g, f). Suppose that scalar curvature R of g decays uniformly.
Then the following statements are true.
(1) (S, gS) is a compact flat manifold, where gS is an induced metric g.
(2) Let o ∈ S. Then level set Σr = {x ∈ M |f(x) = r} is a closed
hypersurface of M . Moreover, each Σr is diffeomorphic to each other
whenever r > f(o).
(3) Mr = {x ∈M | f(x) ≤ r} is compact for any r > f(o).
(4) f satisfies (2.5).
Proof. (1) Let (M˜, g˜) be the universal cover of (M,g, f) with the covering
map π. Let f˜ = f ◦ π. It is clear that (M˜ , g˜, f˜) is also a steady gradient
Ricci soliton. Then by [12, Theorem 1.1], there is an (n − k)-dimensional
steady gradient Ricci soliton (N,h, fN ) with nonnegative sectional curvature
and positive Ricci curvature such that (M˜ , g˜) = (N,h) × Rk (k ≥ 0). Let
18
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(q, y′) be a coordinate system on M˜ = N × Rk, where q ∈ N and y′ =
(y1, · · · , yk) ∈ Rk. We claim
∂f˜
∂yj
= 0, ∀ 1 ≤ j ≤ k.(5.1)
Fix q ∈ N and yi with i 6= j. Let
f˜j(y) = f˜(q, y1, · · · , yj−1, y, yj+1, · · · , yk), ∀ y ∈ R.
By the Ricci soliton equation, we have
∂2f˜j
∂y2
= R˜ic(
∂
∂y
,
∂
∂y
) = 0.
It follows
f˜j(y) = c1y + c2,(5.2)
where c1 and c2 are constants. Thus
|f˜j(y)− f˜j(−y)| = 2|c1y|, ∀ y ∈ R.(5.3)
We define a set
E = {p ∈M | p = π(q, y1, · · · , yj−1, y, yj+1, · · · , yk), y ∈ R}.
Then for any p ∈ E, we have
R(p) = R˜(q, y1, · · · , yj−1, y, yj+1, · · · , yk) = Rh(q) > 0.
Thus
E ⊆ {p ∈M | R(p) ≤ Rh(q)} = E′.
Since R decays uniformly, the set E′ is bounded and so is E. Hence
diam(E, g) = D < +∞.
Note that |∇f | ≤ √Rmax. Therefore, for any p1, p2 ∈ E, we integrate from
p2 to p1 along a minimal geodesic to get
f(p1)− f(p2) ≤
√
Rmaxd(p1, p2) ≤ D
√
Rmax.
Choose p1 = π(q, y1, · · · , yj−1,m, yj+1, · · · , yk) and p2 = π(q, y1, · · · , yj−1,
−m, yj+1, · · · , yk). By (5.3), we derive
2|c1m| = |f˜j(m)− f˜j(−m)| = |f(p1)− f(p2)| ≤ D
√
Rmax,
As a consequence, c1 = 0 by taking m→∞. This implies (5.1) by (5.2).
By (5.1), we may assume that fN(q) = f˜(q, ·). Since R(p) attains its
maximum in M , Rh(q) attains its maximum at some point oN ∈ N . Note
19
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that Ric(h) is positive. Then by an argument in [10, Corollary 2.2], we see
∇hfN (oN ) = 0. Moreover, such a oN is unique. Thus
π−1(S) = {oN} × Rk.(5.4)
Since S = {p ∈M | R(p) = Rmax} is compact by the curvature decay, (S, gS)
is a compact flat manifold.
(2) Let o ∈ S. Then by (5.4), we have f(S) ≡ f(o). By (2.2), it follows
that for any r > f(o),
|∇f |2(p) = Rmax −R(p) > 0, ∀ p ∈ Σr.
Thus Σr is a hypersurface ofM . In the following, we show that it is bounded.
Choose q ∈ N such that π(q, y) = p ∈ Σr. Then fN (q) = r. Let (φN )t be
a one-parameter diffeomorphisms generated by −∇hfN . Thus
dh((φN )t(q), oN )→ 0, as t→∞.(5.5)
Moreover, the above convergence is uniform for all q ∈ {x ∈ N | fN(x) = r}.
Similarly, we have
d˜(φ˜t(q, y), (oN , y))→ 0, as t→∞,(5.6)
where φ˜t is a one-parameter diffeomorphisms generated by−∇˜f˜ and the con-
vergence of (5.6) is uniform on {x˜ ∈ M˜ | f˜(x˜) = r}. Note that π(φ˜t(q, y)) =
φt(p). Thus
d(φt(p), π(oN , y)) ≤ d˜(φ˜t(q, y), (oN , y))→ 0, as t→∞.
It follows that
d(φt(p), S)→ 0, , as t→∞.(5.7)
Moreover, the convergence is uniform on Σr.
By (5.7), there is a sufficiently large t0 such that
d(φt(Σr), S) ≤ 1, ∀ t ≥ t0.(5.8)
Let γp(s) = φs(p), s ∈ [0, t0]. Then,
d(p, φt0(p)) ≤ Length(γp, g) =
∫ t0
0
|∇f |(φt(p))ds ≤ t0
√
Rmax.(5.9)
It follows that
d(Σr, S) ≤ d(Σr, φt0(Σr)) + d(φt0(Σr), S) ≤ t0
√
Rmax + 1.
Hence Σr is bounded since S is compact. Σr1 and Σr2 are diffeomorphic to
each other for all r1, r2 > f(o) by the fact |∇f |(x) > 0 for all f(x) > f(o).
(3) Since Σr is a closed set, it suffices to show that the set M
′
r = {f(o) <
f(x) < r} is bounded by the above properties (1) and (2). For any x ∈M ′r,
choose a point x′ ∈ Σr and a number tx > 0 such that φtx(x′) = x. If tx ≥ t0,
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then d(x, S) ≤ 1 by (5.8). If tx < t0, then d(x,Σr) ≤ d(x, x′) ≤ t0
√
Rmax by
(5.9). Thus
d(x, S) ≤ d(x,Σr) + d(Σr, S) ≤ 2(t0
√
Rmax + 1).(5.10)
Hence, M ′r is bounded.
(4) Note that (N,h, fN ) has positive Ricci curvature. Then similar to
(2.5), we have
fN (q) ≥ Cdh(q, oN ), ∀ fN (q) ≥ r0.
It follows that
f˜(x˜) ≥ Cd˜(x˜, {oN} × Rk), f˜(x˜) ≥ r0,
where π(x˜) = x, Thus
f(x) = f˜(x˜) ≥ Cd˜(x˜, {oN} × Rk) ≥ Cd(x, S), ∀ f(x) ≥ r0,
As a consequence, we get
f(x) ≥ Cρ(x)− CCS, ∀ f(x) ≥ r0,
where CS = diam(S, g). Since {x ∈M | ρ(x) ≤ k}k∈N exhaust M as k →∞
and Mr0 is compact by the above property (3), there exists a constant r
′
0
(≫ r0) such that
Mr0 ⊂ {x ∈M | ρ(x) < r′0}.
Namely,
{x ∈M | ρ(x) ≥ r′0} ⊂ {x ∈M | f(x) ≥ r0}
Hence
f(x) ≥ Cρ(x)− CCS, ∀ ρ(x) ≥ r′0.
Therefore, we get the left side of (2.5). The right side follows from the fact
f(x) ≤ f(o) +
√
Rmaxρ(x), ∀ x ∈M.
The lemma is proved.

Remark 5.2. (1) It is possible that Σ is empty for steady Ricci soltions
with nonnegative sectional curvature. For example, (Rn, gEuclid, f =
Σni=1xi) is a steady Ricci soliton with |∇f |2 ≡ n.
(2) The estimate f˜(x) ≥ Cρ˜(x), ρ˜(x) ≥ r0 fails on the universal cover
(M˜ , g˜) of (M,g) in Lemma 5.1, since R˜(x) doesn’t decay uniformly.
Corollary 5.3. Let (M,g, f) be a non-flat κ-noncollapsed steady Ricci soli-
ton with nonnegative curvature operator and uniform curvature decay. Then
scalar curvature of g satisfies (1.2).
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Proof. Let (M˜ , g˜, f˜) be the covering steady Ricci soliton of (M,g, f) as in
Lemma 5.1. Then M˜ = N × Rk is also κ-noncollapsed, and (N,h, fN ) is
a κ-noncollapsed steady gradient Ricci soliton with nonnegative curvature
operator and positive Ricci curvature, where fN (q) = f˜(q, ·). Moreover,
(N,h, fN ) admits a unique equilibrium point oN . Thus by Theorem 2.5, we
have
RN (q)fN (q) ≥ C0, ∀ fN(q) ≥ r0, q ∈ N.
It follows that
R˜(x)f˜(x) ≥ C0, ∀ f˜(x˜) ≥ r0, x˜ ∈ M˜,
and
R(x)f(x) ≥ C0, ∀ f(x) ≥ r0, x ∈M.
Combining the above with (2.5), we get (1.2) immediately.

With the help of (2)-(4) in Lemma 5.1, we can extend the arguments in
Section 2-4 to prove a weak version of Theorem 1.4.
Theorem 5.4. Let (M,g) be a κ-noncollapsed steady Ricci soliton with non-
negative sectional curvature. Suppose that (M,g) satisfies (1.3). Then, for
any pi →∞, rescaled flows (M,R(pi)g(R−1(pi)t), pi) converge subsequently
to (R × Σ, ds2 + gΣ(t)) ( t ∈ (−∞, 0]) in the Cheeger-Gromov topology,
where Σ is diffeormorphic to a level set Σr0 in (M,g) and (Σ, gΣ(t)) is
a κ-noncollapsed ancient Ricci flow with nonnegative sectional curvature.
Moreover, scalar curvature RΣ(x, t) of (Σ, gΣ(t)) satisfies
RΣ(x, t) ≤ C|t| , ∀ x ∈ Σ,(5.11)
where C is a uniform constant.
The proof of Theorem 5.4 is almost the same as one of Theorem 4.1 by
replacing Sn−1 with Σ. We leave it to the readers.
Proof of Theorem 1.4. By Theorem 4.1, it suffices to show that (M,g) has
positive Ricci curvature. Otherwise, we assume that the Ricci curvature is
not strictly positive. Let (M˜ , g˜, f˜) be the covering steady Ricci soliton of
(M,g, f) as in Lemma 5.1. Then M˜ splits off Rk (k ≥ 1) as N × Rk, where
(N,h) has positive Ricci curvature. Let V˜ ∈ TM˜ be a vector field parallel
to Rk and |V˜ |g˜ ≡ 1. Then g˜(V˜ , ∇˜f˜) = 0 since f˜ |Rk ≡ const. Let {pi} be a
sequence of points in M with f(pi) → ∞, and {p˜i} in M˜ with π(p˜i) = pi.
Let W(i) = R(pi)
−1/2π∗(V (p˜i)) ∈ TpiM and X(i) = R(pi)−1/2∇f . Then
Ricg(t)(W(i),W(i)) = 0, |W(i)|R(pi)g ≡ 1, 〈W(i),X(i)(pi)〉 = 0, ∀ i, t ≤ 0.
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Since (M,R(pi)g(R
−1(pi)t), pi) converges subsequently to (R × Σ, ds2 +
gΣ(t), p∞) by Theorem 5.4, as in the proof of Lemma 4.6, we get X(i) →
X(∞), where the limit vector field X(∞) is parallel to R in R×Σ. Moreover
W(i) →W(∞), 〈W(∞),X(∞)(p∞)〉 = 0,(5.12)
and
|W(∞)|gΣ(0)+ds2 = 1, RicgΣ(t)+ds2(W(∞),W(∞)) = 0, ∀ t ≤ 0.(5.13)
Since (Σ, gΣ(t)) satisfies (5.11), by Theorem 3.1 in [20], we see that
(Σ, τigΣ(τ
−1
i t), q) subsequently converges to a shrinking Ricci soliton (Σ∞,
gΣ∞(t), q∞) for any fixed q ∈ Σ and any sequence {τi} → ∞. On the other
hand, by a result in [19], there exists a constant C1 such that
diam(Σ, gΣ(t)) ≤ C1
√
|t|.
In particular,
diam(Σ, τ−1i gΣ(−τi)) ≤ C1.(5.14)
Thus, by Cheeger-Gromov compactness theorem, Σ∞ is diffeomorphic to
Σ. Choose τ ′i such that |τ ′iQ|hi = 1, where hi = τigΣ(−τ−1i ). Assume that
p∞ = (x, q) ∈ R × Σ and W(∞) = Q + Q′, where Q ∈ TqΣ and Q′ ∈ TxR.
Then by (5.12) and (5.13), we have Q′ = 0 and
|Q|gΣ(0) = 1, RicgΣ(t)(Q,Q) = 0, ∀ t ≤ 0.
It follows that τ ′iQ→ Q∞, where Q∞ ∈ Tq∞Σ∞. As a consequence,
|Q∞|gΣ∞(−1) = 1, RicgΣ∞(t)(Q∞, Q∞) = 0, ∀ t ≤ 0.
Hence, (Σ∞, gΣ∞(t)) is a compact shrinking Ricci soliton with nonnegative
sectional curvature, but not strictly positive Ricci curvature. By [12, Theo-
rem 1.1], the universal cover of (Σ∞, gΣ∞(t)) must split off a flat factor R
l
(l ≥ 1). On the other hand, since the fundamental group of any compact
shrinking Ricci soliton is finite [16, Theorem 1] (also see [17], [5]), the uni-
versal cover of Σ∞ should be comapct. Therefore, we get a contradiction.
The proof is completed.

6. Proofs of Theorem 1.3 and Theorem 1.5
Proof of Theorem 1.3. We may assume that the steady (gradient) Ricci soli-
ton (M,g) is not falt. By the condition (1.1) in Theorem 1.3 together with
Corollary 5.3, we see that Theorem 1.4 is true for a κ-noncollapsed (M,g)
with nonnegative curvature operator if (M,g) satisfies (1.1). Then the an-
cient solution gSn−1(t) in Theorem 1.4 is in fact a compact κ-solution which
satisfies (1.4). By a result of Ni [19], gSn−1(t) must be a flow of shrinking
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round spheres. This means that (M,g) is asymptotically cylindrical. Hence
by Brendle’s result [3], it is rotationally symmetric.

Proof of Theorem 1.5. We note that the ancient solution gSn−1(t) in The-
orem 1.4 satisfies the condition (1.4). Then, as in the proof of Theorem
1.4), (Sn−1, τ−1i gSn−1(τit), x) subsequently converges to a compact gradient
shrinking Ricci soliton (N ′, g′(t), x′) for any fixed x ∈ Sn−1 and any sequence
{τi} → ∞ Moreover, N ′ is diffeomorphic to Sn−1. Note that n = 4. By [13]
or [1], any shrinking Ricci soliton with nonnegative sectional curvature on
S
3 must be a round sphere. Hence, (N ′, g′(t), x′) is a flow of shrinking round
spheres. This implies that (S3, τ−1i gS3(τit0)) has a strictly positive curvature
operator as long as τi is sufficiently large. As a consequence, (S
3, gS3(τit0))
has positive curvature operator. Since the positivity of curvature operator
is preserved under Ricci flow, gS3(t) has positive curvature operator for all
t ∈ (−∞, 0). Therefore, we see that the ancient solution gS3(t) is a compact
κ-solution which satisfies (1.4). As in the proof of Theorem 1.3, (M,g) is
asymptotically cylindrical, and so it is rotationally symmetric by Brendle’s
result [3].

6.1. Further remarks. The rigidity of nonnegatively curved n-dimensional
κ-noncollapsed steady (gradient) Ricci solitons is closely related to the classi-
fication of positively curved shrinking Ricci soliton on Sn−1. To the authors’
knowledge, it is still unknown whether the shrinking soliton with positive
sectional curvature on Sn is unique when n ≥ 4. If it is true, then the argu-
ment in proof of Theorem 1.5 can be generalized to any dimension. Namely,
we may prove that any n-dimensional steady (gradient) Ricci soliton with
nonnegative sectional curvature, positive Ricci curvature and exactly linear
curvature decay must be rotationally symmetric.
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